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Abstract 

We show that the optimistic limits of the colored Jones polynomials of the hyperbolic 
knots coincide with the optimistic limits of the Kashaev invariants modulo 4n 2 . 



1 Introduction 
1.1 Preliminaries 

Kashaev conjectured the following relation in jl] : 

\og\(L) N \ 



vol(L) = 2tt lim 



AM-oc N 

where L is a hyperbolic link, vol(L) is the hyperbolic volume of S 3 — L, and (L) n is the iV-th 
Kashaev invariant. After that, the generalized conjecture was proposed in [TT] that 

2(vol(L)+«cs(L)) = 2ttz lim log [ L ^ N (mod vr 2 ), 

where cs(L) is the Chern-Simons invariant of S* 3 — L defined in [6]. 

The calculation of the actual limit of the Kashaev invariant is very hard, and only several 
cases are known. On the other hand, while proposing the conjecture, Kashaev used some 
formal approximation to predict the actual limit. His formal approximation was formulated 
as optimistic limit by H. Murakami in [BJ. This method can be summarized by the following 
way. At first, we fix an expression of {L) N and then apply the following formal substitution 



<»"'>' ~ exp {^( Ll2r '»-fl}' 

q kl ~ exp|^(logg fc -logg')|, 
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to the expression, where q = exp(2ni/N), Li 2 (z) = — J* log ^ ^ dt for zeC, [k] is the residue 

of an integer k modulo N, (q)k = E[nli(l — Q n ) anc ^ (l)o — 1- Then, by substituting each q k 
with a complex variable z, we obtain a potential function exp {^hF(. . . , z, . . .)}. Finally, let 



>:= f -£(4!?) l0g * 



and evaluate Fo for an appropriate solution of the equations {exp (z§f) = l}- Then, the 
resulting complex number is called the optimistic limit. 

For example, the optimistic limit of the Kashaev invariant of the 5 2 knot was calculated 
in jl] and [12] as follows. By the formal substitution, 

By substituting z = q l and u = q k , we obtain 

1 7T 2 

F(z,u) = -2Li 2 (*) - Li 2 (-) - log z log m + — , 

u 2 

and 

F {z,u) = F(z, u) — I z-— log 2 — I u— logw. 



<9z / \ du J 

For the choice of a solution (z ,Wo) = (0.3376... - % 0.5623..., 0.1226... + % 0.7449...) of the 
equations {exp [z^] = 1, exp (m§^) = l}, the optimistic limit becomes 

F (z , u ) = i (2.8281... - i 3.0241...) = z(vol(5 2 ) + % cs(5 2 )) (mod vr 2 ). 

As seen above, the optimistic limit depends on the expression and the choice of the 
solution, so it is not well-defined. However, Yokota made a very useful way to determine 
the optimistic limit of a hyperbolic knot K, in [TU] and [T7j, by defining a potential function 
V(zi, . . . ,z g ) of the knot diagram, which also comes from the formal substitution of certain 
expression of the Kashaev invariant (K)n. (The definition of V(zi, . . . , z g ) will be in Section 



3.1 ) As above, he also defined 



and 



9 / QXf \ 

V (z h .. . ,z g ) := v - y k ~d^ k J logZfc ' 



dV 

Ux := <j exp(z k — ) = 1 | k = l,...,g 



After proving "Hi is the hyperbolicity equation of Yokota triangulation, he ch ose t he geometric 



solution z^ ) = (zf*\ . . . , zf^) of H. (Yokota triangulation will be in Section 2.1 The hyper- 



bolicity equation consists of edge relations and the cusp conditions of a triangulation, and 
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the geometric solution is the one which gives the hyperbolic structure of the triangulation. 
Details will be in Section |4|) Then he proved 



V (z {0) ) = i{vo\{K) + i cs(K)) (mod vr 2 ), (2) 
in [17]. Therefore, we denote 

2«o-lim 1 ^:=V„(z(°)) ) 

and call it the optimistic limit of the Kashaev invariant (K)^. 

To obtain (|2]), Yokota assumed several assumptions of the knot diagram and the existence 
of an essential solution of T-L\. The assumptions of the diagram roughly mean to reduce redun- 
dant crossings of the diagram before finding the potential function V. Exact statements are 
Assumption 1.1—1.4. and Assumption 2.2. in [T7J. We remark that these assumptions 
are needed so that, after the collapsing process, Yokota triangulation becomes a topological 



triangulation of the knot complement S 3 — K. (See Section 3.1 for details.) 

As mentioned before, the set of equations "Hi becomes the hyperbolicity equation of 
Yokota triangulation. Therefore, each solution z = (z\, . . . ,z g ) of "Hi determines the shape 
parameters of the ideal tetrahedra of the triangulation and the parameters are expressed 
by the ratios of z t , . . . , z g . (Details are in Section We call a solution z of "Hi essential 
if no shape parameters are in {0,1, oo}, which implies no edges of the triangulation are 
homotopically nontrivial. A well-known fact is that if the hyperbolicity equation has an 
essential solution, they have the geometric solution z^ ) of T-L\. (For details, see Section 2.8 
of [IS].) Therefore, to guarantee the existence of the geometric solution, Yokota assumed the 
existence of an essential solution. 

On the other hand, it was proved in [TU] that 

2-ni 

J L (iV;exp— ) = (L) N , 

where Jl{N; x) is the TV-th colored Jones polynomial of the link L with a complex variable x. 
Therefore, it is natural to define the optimistic limit of the colored Jones polynomial so that 
it gives the volume and the Chern-Simons invariant. Although it looks trivial, due to the 
ambiguity of the optimistic limit, only few results were known. It was numerically confirmed 
for few examples in [IT], actually proved only for the volume part of two bridge links in [12] 
and for the Chern-Simons part of twist knots in [2]. In a nutshell, the purpose of this article 
is to propose a general method to define the optimistic limit of the colored Jones polynomial 
of a hyperbolic knot K and then to prove the following relation : 



2 7 rio-lim 10g( ^ ^ 2^o-hm lQgJ " (iV;eXP ^ ) (mod 4vr 2 ). (3) 



1.2 Main result 

For a hyperbolic knot K, we define a potential function W(w±, . . . ,w m ) of a knot diagram 
in Section |3.2| which also comes from the formal substitution of certain expression of the 
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colored Jones polynomial Jl(N; exp -#). We define 

^ / dW\ 
W (w 1 , . . .,w m ) :=W - ( wi— J hgwi, 

1=1 ^ 

and 

f / <9W\ . 1 
H 2 ■= < exp I^q^- J =1 \ l = l,---,m> . 



Also we discuss Thurston triangulation of the knot complement S 3 — K in Section which 
was introduced in 1131. 



Proposition 1.1. For a hyperbolic knot K with a fixed diagram, we assume the diagram sat- 
isfies Assumption 1.1.-1.4- an d Assumption 2.2. in fl 7 ^ . For the potential function 
W(w%, . . . ,w m ) of the diagram, H 2 becomes the hyperbolicity equation of Thurston triangu- 
lation. 

Proof of Proposition |1.1| will be in Section [4j 

Each solution w = (wi, . . . , w m ) of 1-L 2 determines the shape parameters of the ideal tetra- 
hedra of Thurston triangulation and the parameters are expressed by the ratios of Wi, . . . , w m . 
(Details are in Section |4j) We call a solution w of H2 essential if no shape parameters are 
in {0,l,oo}. Comparing Yokota triangulation and Thurston triangulation, we obtain the 
following Lemma. 

Lemma 1.2. For a hyperbolic knot K with a fixed diagram, assume the assumptions of 
Proposition Then an essential solution z = (zi,...,z g ) of Hi determines the unique 

solution w = (w\, . . . , w m ) ofH 2 , and vice versa. Furthermore, if the determined solution w 
is essential, then w induces z too, and vice versa. 



Proof of Lemma L2 will be in Section |5j Although there is a possibility that an essential 



solution z of 7ii determines non-essential solution w of H2, we expect this does not happen 
for almost all cases. In this article, we only consider the case when the determined solution 
w is essential. 

Theorem 1.3. For a hyperbolic knot K with a fixed diagram, assume the assumptions of 
Proposition \1.1\ Let V(zi, . . . , z g ) and W(wi, . . . , w m ) be the potential functions of the knot 
diagram. Also assume the hyperbolicity equation Hi has an essential solution z — (z i, . . . , z g ) 
and let = (z^, . . . , z g ) be the geometric solution of Hi. From Lemma 1.2, let w = 
(wi, . . . , w g ) and = (wf , . . . , w^) be the corresponding solutions of H 2 determined by 
z and z(°) respectively. We also assume w and are essential. Then 



1. V (z) = W (w) (mod 4tt 5 

2. w(°) is the geometric solution ofH 2 and 

W (w (0) ) = i(vo\(K) + i cs(K)) (mod vr 2 
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The proof will be in Section [5j We denote 

2vuo-hm := W (w^ >), 

and call it i/ie optimistic limit of the colored Jones polynomial Jk(N; exp 2 ff)- With this 
definition, Theorem 1.3 implies ([3]). Also we obtain the colored Jones polynomial version of 



Corollary 1.4 of [T] as follows. 

Corollary 1.4. For a hyperbolic knot K with a fixed diagram, assume the assumptions of 
Proposition ^.^ Let w be an essential solution of Hi, w^ ^ be the geometric solution ofH2, 
and p w : vr 1 (S' 3 — K) — > PSL(2, C) be the parabolic representation induced by w. Also assume 
the corresponding solutions z and of Hi, determined by w and respectively from 



Lemma \1 . 2\ are essential. Then 

Wq(w) = i (vol(pw) + i cs(pw)) (mod tc 2 ), 

where vol(p w ) +ics(p w ) is the complex volume of p w defined in [18]. Furthermore, the 
following inequality holds: 

Im W (w) < Im W (w {0) ) = vol(K). (4) 
The equality of holds if and only if w = w^. 

Proof. It is a well-known fact that the hyperbolic volume is the maximal value of volumes 
of all possible PSL(2, C) representations and the maximum happens if and only if the repre- 
sentation is discrete and faithful. (For the proof and details, see [3].) 



From the proof of Lemma 1.2 if w and z are essential, then the shapes of each (collapsed) 



octahedra in Figure [2] and Figure 10 of Yokota and Thurston triangulations coincide. There- 



fore, these triangulations form the same geometric shape, and the parabolic representation 
p w coincides with p z up to conjugate, where p w and p z are the parabolic representations 
induced by w and z respectively. It also implies z^ ^ is the geometric solution of "Hi. 
Yokota proved 

V (z (0) ) = i (vol(K) + i cs(K)) (mod vr 2 ), 

in [T7j using Zickert's formula of [TH], but the formula also holds for any parabolic represen- 
tation p z induced by z. Therefore, Yokota's proof also implies 

V (z) = i (vol(p z ) + ics(p z )) (mod 7r 2 ). 

Among the essential solutions z of 1t\, only the geometric solution z^ ) induces the discrete 



faithful representation. Therefore, applying Theorem 1.3, we complete the proof. 

□ 

This article consists of the following contents. In Section |2j we describe Yokota triangula- 
tion and Thurston triangulation, which correspond to the Kashaev invariant and the colored 
Jones polynomial respectively. We show that these two triangulations are related by finite 
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steps of 3-2 moves and 4-5 moves on some crossings. In Section [3j the potential functions V 
and W are defined. In Section [4j we explain the geometries of V and W, and prove Propo- 
In Section |5j we introduce several dilogarithm identities and then complete the 



sit ion 



1.1 



proofs of Lemma 1.2 and Theorem 1.3 using these identities. Finally, in Appendix, we show 
the potential function W defined in Section [3] can be obtained by the formal substitution of 
the colored Jones polynomial. 



2 Two ideal triangulations of the knot complement 

In this section, we explain two ideal triangulations of the knot complement. One is Yokota 
triangulation corresponding to the Kashaev invariant in [17J and the other is Thurston tri- 
angulation corresponding to the colored Jones polynomial in [13]. A good reference of this 
section is [9], which contains wonderful pictures. 



2.1 Yokota triangulation 



I 




j' 

(a) Knot (b) (l,l)-tangle 

Figure 1: Example 

Consider a hyperbolic knot K and its diagram D. (See Figure [l]( a).) We define sides of 
D as arcs connecting two adjacent crossing points. For example, Figure [jTa) has 16 sides. 
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Now split a side of D open so as to make a (l,l)-tangle diagram and label crossings with 
integers. (See Figure fT|(b) .) Yokota assumed several conditions on this (l,l)-tangle diagram. 
(For the exact statement, see Assumption 1.1.— 1.4. and Assumption 2.2. in [T7].) 
The assumptions roughly mean that we remove all the crossing points that can be reduced 
trivially. Also, let the two open sides be / and J and consider the orientation from J to /. 
Assume / and J are in an over-bridge and in an under-bridge respectively. (Over-bridge is a 
union of sides, following the orientation of the knot diagram, from one over-crossing point to 
the next under-crossing point. Under-bridge is the one from one under-crossing point to the 
next over-crossing point. The boundary endpoints of / and J are considered over-crossing 
point and under-crossing point respectively. For example, in Figure []Jb), if we follow the 
diagram from the below to the top, the first under-bridge containing J ends at the crossing 
2, and the first over-bridge starts at the crossing 2 and ends at the crossing 4. In total, it 
has 5 over-bridges and 5 under-bridges. Note that if we change the orientation, the numbers 
of over-bridges and under-bridges change.) 

Now extend I and J so that, when following the orientation of the knot diagram, non- 
boundary endpoints of / and J become the last under-crossing point and the first over- 
crossing point respectively, as in Figure []Jb). Then we assume the two non-boundary end- 
points of I and J do not coincide, because, if they coincide, then we cut other side open and 
make a different tangle diagram. Yokota proved in [17] that we can always make two non- 
boundary endpoints different by cutting certain side open because, if not, then the diagram 
should be that of a link or the trefoil knot. (For details, see Assumption 1.3. and the 
discussion follows in [17].) 

To obtain an ideal triangulation of the knot complement, we place an ideal octahedron 
A n B n C n D n E n F n on each crossing n as in Figure |2](a) . We call the edges A n B n , B n C n , C n D n 
and D n A n of the octahedron horizontal edges. Figure |2^b) shows the positions of A n , B n , C„, 
D n and the horizontal edges. We twist the octahedron by identifying edges A n E n to C n E n 
and B n F n to D n F n as in Figure [2^a). (The actual shape of the result was appeared in [9].) 
Then we glue the faces of the twisted octahedron following the knot diagram. For example, in 
Figuregb), we glue AA1E1D1U ACiEiDj to AA 2 F 2 D 2 U AA 2 F 2 B 2 , AC 2 F 2 D 2 U AC 2 F 2 B 2 to 
AA3F3D3 U AA3F3B3, AC3F3D3U AC3F3B3 to AA4E4B4 U AC4E4B4, AA4E4D4 U AC4E4D4 
to AC5E5D5 U AA5E5D5, and so on. Finally, we glue AD 8 F 8 C 8 U AB 8 F 8 C 8 to AA x EiBi U 
AC1E1B1. Note that, by this gluing, all A n and C n are identified to one point, all B n and 
D„ are identified to another point, and all E n and F ra are identified to another point. Let 
these points be —00, 00 and i respectively. Then the regular neighborhoods of —00 and 00 
become 3-balls, whereas the one of I becomes the tubular neighborhood of the knot K. 

We split each octahedron A n B n C„D n E n F n into four tetrahedra, A n B n E n F n , B n C n E n F n , 
C n D n E n F n and D n A n E n F n . Then we collapse faces that lies on the split sides. For example, 
in Figure |2jb), we collapse the faces AA1E1B1 U AC1E1B1 and AD 8 F 8 C 8 U AB 8 F 8 C 8 to 
different points. Note that this face collapsing makes some edges on these faces into points. 
Actually the non-horizontal edges A 2 F 2 , B 4 F 4 , D 4 F 4 , D 7 E 7 , and the horizontal edges B 2 C 2 , 
A3B3, A5B5, A 6 B 6 in Figure are collapsed to points because of the face collapsing. This 
makes the tetrahedra A1B1E1F1, B1C1E1F1, C1D1E1F1, D1A1E1F1, A 2 B 2 E 2 F 2 , B 2 C 2 E 2 F 2 , 
D 2 A 2 E 2 F 2 , A3B3E3F3, A4B4E4F4, B4C4E4F4, C4D4E4F4, D4A4E4F4, A5B5E5F5, A 6 B 6 E 6 F 6 , 
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(a) Octahedron on the crossing n 



(b) Octahedra on corssings 



Figure 2: Example(continued) 

C 7 D 7 E 7 F 7 , D 7 A 7 E 7 F 7 , A 8 B 8 E 8 F 8 , B 8 C 8 E 8 F 8 , C 8 D 8 E 8 F 8 and D 8 A 8 E 8 F 8 be collapsed to points 
or edges. 

The survived tetrahedra after the collapsing can be depicted as follows. At first, remove 
/ and J on the tangle diagram and denote the result G. (See Figure [3]) Note that, by 
removing I U J, some vertices are removed, two vertices become trivalent and some sides 
are glued together. In Figure |3j vertices 1, 4, 8 are removed, 2, 7 become trivalent and G 
has 9 sides. (We consider the trivalent vertices do not glue any sides.) Now we remove the 
horizontal edges on the removed vertices, the horizontal edges that is adjacent to / U J and 
the horizontal edges in the unbounded region. (See Figure [3] for the result.) The survived 
horizontal edges mean the survived ideal tetrahedra after the collapsing. In the example, 12 
tetrahedra are survived. 

The collapsing identifies the points oo, — oo, £ each other and connects the regular neigh- 
borhoods of them. Collapsing certain edges of a tetrahedron may change the topological type 
of £, but Yokota excluded such cases by Assumption 1.1.— 1.3. on the shape of the knot 
diagram. (Assumption 1.1.— 1.2. roughly means the diagram has no redundant crossings 
and Assumption 1.3. means the two non-boundary endpoints of / and J do not coin- 
cide.) Therefore, the result of the collapsing makes the neighborhood of oo = — oo = £ to 
be the tubular neighborhood of the knot, and we obtain the ideal triangulation of the knot 
complement. (See [17] for a complete discussion.) 



Figure 3: G with survived tetrahedra 



2.2 Thurston triangulation 

Thurston triangulation, introduced in jl3] , uses the same octahedra and the same collapsing 
process, so it also induces an ideal triangulation of the knot complement. However it uses 
different subdivision of each octahedra. In Figure (2](a), Yokota triangulation subdivides 
each octahedron into four tetrahedra. However, Thurston triangulation subdivides it into 
five tetrahedra, A n B n D„F n , B n C n D n F n , A„B„C n D n , A„B„C n E n and A n C„D n E n . (See the 
right side of Figure [4]^a) for the shape of the subdivision.) In this subdivision, if we apply 
the collapsing process, some pair of tetrahedra shares the same four vertices. (See the first 



case of (Case 2) in the proof of Observation 2.1 for an example.) For the convenience of 



discussion, when this happens, we remove these two tetrahedra and call the result Thurston 
triangulation. 

To see the relation of these two triangulations, we define 4-5 move of an octahedron and 
3-2 move of a hexahedron as in Figure |4j 

Before the collapsing process, two triangulations are related by only 4-5 moves on each 
crossings. However, the following observation shows they are actually related by 4-5 moves 
and 3-2 moves on some crossings after the collapsing. 

Observation 2.1. For a hyperbolic knot K with a fixed diagram, if the diagram satisfies 
Assumption 1.1.-1.4- an d Assumption 2.2. in JT7] /, then Yokota triangulation and 
Thurston triangulation are related by 3-2 moves and 4-5 moves on some crossings. 

Proof. At first, for a non-trivalent vertex n of G, we show only one horizontal edge in Figure 
[2|a) can be collapsed. If any of two horizontal edges are collapsed, then the (l,l)-tangle 
diagram should be Figure |5](a) or Figure ^b) for some tangle diagrams K\ and K 2 because 
the collapsed edges should lie in the unbounded regions. However, Figure [5^ a) is excluded 
because, if we close up the open side, then K = Ki#K 2 and K cannot be prime. We can 
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(a) 4-5 move 



(b) 3-2 move 



Figure 4: 4-5 and 3-2 moves 



also exclude Figure |5[b) because it violates Assumption 1.1. in [IT]. Actually, in the later 
case, we can reduce the number of crossings as in Figure [BT 



Ki 



K 


1 


z» 


K 


2 



K- 



(a) (b) 

Figure 5: When two horizontal edges are collapsed 

Because of this and Yokota's Assumptions, all the cases of collapsing edges in Figure [2^a) 
follows : 

(Case 1) if n is a non-trivalent vertex of G, then none or one of the horizontal edges is 
collapsed. 

(Case 2) if n is a trivalent vertex of G, then 

1. D n E n is collapsed and none or one of A n B n , B n C n is collapsed, 

2. B n E ra is collapsed and none or one of C n D n , D n A n is collapsed, 

3. A n F n is collapsed and none or one of B n C n , C n D n is collapsed. 
It is trivial in (Case 1), so we consider the first case of (Case 2). 
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If D n E n and A ra B n are collapsed, then the survived tetrahedron is B ra C„E n F„ in Yokota 
triangulation, and B„C n D n F n in Thurston triangulation. They coincide because D n = E n by 
the collapsing of D n E n . 

If D n E n is collpased and no others, then the survived tetrahedra are A n B„E n F n and 
B„C n E n F n in Yokota triangulation, and A n B n D n F n , B n C n D n F n , A n B n C n D n and A n B n C n E„ 
in Thurston triangulation. However, in Thurston triangulation, two tetrahedra A n B n C n D n 
and A„B n C n E n are canceled each other because they share the same vertices A n , B n ,C n and 
D n = E n . The others coincide with the tetrahedra in Yokota triangulation because D n = E„. 

Other cases of (Case 2) is the same with the first case, so the proof is completed. 

□ 

3 Potential functions 

3.1 The case of Kashaev invariant 

In the case of Kashaev invariant, Yokota's potential function V(zi, . . . , z g ) is defined by the 
following way. 

For the graph G, we define contributing sides as sides of G which are not on the unbounded 
regions. For example, there are 5 contributing sides and 4 non-contributing sides in Figure 
[6j We assign complex variables zi,...,z g to contributing sides and real number 1 to non- 
contributing sides. Then we label each ideal tetrahedra with ITi, IT 2 , . . . , IT S and assign 
ti (I = 1, . . . , s) to the horizontal edge of 7TJ as the shape parameter. We define ti as the 
counterclockwise ratio of the complex variables z±, . . . , z g . 




Figure 6: G with contributing sides 
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(a) Positive corner (b) Negative corner 

Figure 7: Assignning dilogarithm functions to each tetrahedra 



For example, in Figure [6 



J, h = y, £3 



Z3 1 £4 Z\ 

— , ti = — , tb = -7-, t e = — , 
Zl z 3 ' 



U 



1 

Z5 



Z A 

Z2 £4 1 £5 Z3 

tg = — , iio = — ? ^11 = — 5 *12 = — • 

Z\ 1 Z2 Z4 Z2 z§ 

For each tetrahedron 77], we assign dilogarithm function as in Figure [7j Then we define 
V(zi, . . . , z g ) by the summation of all these dilogarithm functions. We also define the sign 07 
of IT X by 



1 if ITi lies as in Figure 
— 1 if 1T\ lies as in Figure 



a), 



Then V(zi, . . . , z g ) is expressed by 

9 

V(z u ...,z g ) = ^2°i (Li 2 (^ 



1=1 



7T 

~6 



For example, in Figure [6j 

0"1 = 0"3 = 0"6 = 0"9 = = 1, <7 2 = (X4 = CT 5 = (X 7 = CT 8 = &10 = °"l2 = ~ 1, 

and 

1 «. 

Ll 2 (z 3 ) 

,*5. 



1 Z3 

V(z 1 , ...,z s ) = U 2 (z 5 ) - Li 2 (— ) + Li 2 (— ' 

Zi Zi 



I z^ 
-Li 2 (zi) - Li 2 (— ) + Li 2 (— ] 

Z2 z 2 



lA 2 (zA + Li 2 ( 



Li 2 (l) + Li 2 (^) 

Z/i Zti 

Li 2 — ) + — . 

z 2 z 3 3 



It was shown in [TB] that V(zi, . . . , z g ) can be obtained by the formal substitution of the 
Kashaev invariant El 



3.2 The case of colored Jones polynomial 

For each region of G, we choose one bounded region and assign 1 to it. Then we assign 
variables w±, . . . ,w m to the other bounded regions, and to the unbounded region. (See 
Figure [8j) 

1 We remark that the Kashaev invariant of a knot K defined in [TB] is the one of the mirror image K 
defined in [TO] . This article follows the definition of [TB] . 
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Figure 8: Assigning variables on each regions 



For each vertices of G, we assign the following functions according to the type of the 
vertex and the horizontal edges. For positive crossings : 




P 1 (w J ,w k ,w h w m ) = -Li 2 (^) -Li 2 (g) + Li 2 



' WjWl ' 
* WkWm ' 



+Li 2 



Li 2 (^) - \ + log^log^, 

z V WA ' fi 1 O w . O w . 1 



P 2 ( Wj ,w k , Wl ,w m ) = Li 2 (^) - Li 2 (^) - Li 2 (^) 



WjWl 



+Li 2 (^) - Li 2 p) + f - log ^ log ^, 

Z V WA I *\Wk' ° 11)1 ° WA ' 



P 3 K,^,^,^) = Li 2 (^f) + Li 2 (^) + Li 2 (^) 



Wl 



-w k w„ 



-Li 5 



Lig 



\ + log log 



P4(wj,w k ,wi,w m ) = -Li 2 ( 



10; 



-TOfc' t> ' to; to; ' 

+ Li 2 (^) -Li 2 (^^) 

^ v toi / WjWi ' 



-Li 2 (^) + Li 2 (^) + £ - log ^ log 

z v to™ / z V wa > 6 & wi & 



For negative crossings : 




w. 



Wi 



N 1 {w v w k) w h w m )=U 2 {^) + U 2 {^-U 2 {^) 
-Li 2 (* 



-Li 2 (^) + ^ -log^log^, 

^ V WA ' 6 ° 70™ ° ' 



N 2 (wj,w k ,wi,w m ) = -Li 2 ( 
-Li 2 f^ 



10; 



+ Li 2 (^) + Li 2 (^' 



WjWl 



+ Li 2 
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: N 3 (wj,w k ,w h w ri 



ZK wi 



+Li 2 



Li 2 (^ 
+ Li 2 (^' 



Li 2 (^M 
+ ^-log-^log 



Wk 



W ; 



Li 9 



+Li 2 



^) - Li 2 (^) + LW™^ 



Li-; 



- £ + log ^- log 



If no horizontal edge is collapsed at the positive or negative crossing, we assign any of 
Pi, . . . , P4 or Nx, . . . , N4 to the crossing respectively. In Lemma 3.1 , we will show this choice 
does not have any effect on the optimistic limit of the colored Jones polynomial. 

For the end points of / and J, we use the same formula whether certain horizontal edge 
is collapsed or not. For the end point of / : 

: Pi(wj,Wj,wi,w m ) = P 2 {w j ,w j ,wi,w m ) = Li 2 (^ a ) - Li 2 (^), 




Nx(wj,w k , w t , wj) = N 4 (wj, w k , w h wj) 



-Li 2 (^) + Li 2 (^ 



For the end point of J : 

: P 2 (w jj w k ,w k ,w m ) = P 3 (wj,w k ,w kj w r , 



w k 




w 



w k 




w 



Lio 



— Lie 



N 3 (wj,w k ,wi,wi) = N4(wj,w k ,w h wi) = -Li 2 (^) + Li 2 ( 
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In Appendix, we show that the assigned functions above are, in fact, obtained by the 
formal substitution of certain forms of the R-matrix of the colored Jones polynomial. 

Now we define the potential function W(wi, . . . ,w m ) of the knot diagram by the sum- 
mation of all functions assigned to the vertices of G. For an example, the potential function 
W(uii, . . . , W4) of Figure M is 



W(w u ... 


,w 4 ) 


= -Li 2 (-) 

w 3 


*{ 




Li 2 


W 2 


+ Li 2 ( — ) - 

w 2 


~6~ 


+1 


Li 2 


ft 

w 2 


+ Li 2 (*V 
w 2 


~6~ 



T • / 1 \ T • / W l\ n 1 1 1 W l 

Li2( — ) + Li 2 ( — ) - — + log — log — 

w 2 w 2 6 w 2 w 2 



(5) 



,1 Wl 1 Wi 
+ log — log — 

w 2 w 2 

+ log — log — 

w 2 w 2 



Lis 



Li 2 



U>2 



K w 2 ' 
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We close up this section with the invariance of the optimistic limit under the choice of 
the four different forms of the potential functions of a crossing. 

Lemma 3.1. For the functions Pi, ... , P4, N\, . . . , N4 defined above, let 

(OP \ ( ON \ 

Wa d^J logWa ' N f° :=N f- E K^f) loguv 
u,—j,K,i,m a=j,k,l,m ' 

Then 

P 10 = P 20 = P30 = P10, N 10 = N 20 = iV 30 = AT 40 (mod An 2 ), 
and, /or a = j, k, I, m, 

OPA ( dP 2 \ ( dP 3 \ ( dP 4 



exp w a - — = exp w a - — = exp w a - — = exp w a 



OWa/ V C*^a/ V OWaJ \ OW a 

dNA ( dN 2 \ ( dN 3 \ ( dN 4 



exp w a - — = exp w a - — = exp w a - — = exp w a 



Proof. For a given complex valued function F{wj,Wk,wi,w m ), let 

PO i5 w k , w h w m ) := F + 2n a Tci\ogw a + Ann 2 , (6) 

for some integer constants rij,nk,ni,n m ,n. Then, by the direct calculation, 

F = P (mod An 2 ), 

and 

dF \ f dF 



exp w a - — = exp w a - 
V aw a ) y <9w a 

These show F and P define the same optimistic limit, so we define an equivalence relation 
by P ~ P for P and P satisfying (JsJ) . 
For 

D T • / \ T . , m . . . WjWi w m . w k n 2 w m w k 

Pi = -Li 2 ( — ) - Li 2 ( — ) + Li 2 (— — ) + Li 2 ( — ) + Li 2 ( — ) - — + log — log — , 

W m Wk WkW m Wj Wj O Wj Wj 

D t • f W ™, T . f Wi ,W k W m W m Wj 7T 2 W k W k 

P 2 = Li 2 ( — ) - Li 2 ( — ) - Li 2 ( ) + Li 2 ( — ) - Li 3 (— ) + 7T - log — log — , 

Wi W k WjWi Wj Wk Wi Wj 

using the well-known identity Li 2 (z) + Li 2 (j) ~ — y — | log 2 (— z) for z £ C in [5], we obtain 
P 1 -P 2 = -Li 2 ( ) - Li 2 ( — ) + Li 2 (— — ) + Li 2 ( ) 

W m Wi W k W rn WjWi 

+ Li 2 — + Li 2 — - — + log h log — log — 

Wj Wk o \ Wj W\ J Wj 

7T 2 , 1 , 2/ W ' \ !, 2/ W k W m 1 2 Wfc / W m W k\i W k 

« -— + - log ( ) - - log ( ) - - log ( ) + log — + log — log 



2 2 w m 2 WjWi 2 lOj \ Wj wi J Wj 
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Remark that, for any integer n, some integers n\, . . . ,714 and indices a, b e {«, j, k, I}, we have 



10 

2nm log — = 2n7ii (logw a — log Wf, + 2niTri) m 0, 
w b 

^log 2 (-^) = i{log^ + (2n 2 -lK4 2 
2 Wj - 2 [ toj J 

1 1 2 W fc . , n n Wfc 2 7T 2 

= -log h [2n 2 - ljTrzlog 2n 2 {n 2 - 1> - — 

2 2 

1 , 2 W k ■ , ^fc 7T 2 
~ o l0 S ^ 

2 Wo 2 



and 



log log' 



J(log(-^) + 2n 3 7rij 
2 t w m J 



2 [ Wj WjW/ J 

= - log 2 (- — ) + 2n 3 m \ log — + (2n 4 + l)?ri I - 2nln 2 
2 w m { w m J 

- J log 2 (-^) - 2n 3 (n 3 + l)vr 2 « i log 2 (-^ 
2 w m 2 w m 

Therefore, we obtain 
P1-P2 



w k w k w m w k 
+ hi log h log log — 

Wj WjWi Wj 

w k w m w k 
+ log( ) log — 

WjWi Wj 
2 1 1 2/ w 2 A 1 1 2/ \ n 

« - log ( - log ( ) = 0. 

2 w m 2 w m 

N4 can be obtained by the same method 
or by the symmetry of the equations. □ 



~ ^log 2 ( 


Wl 


1 


log 2 


w k w m 


1 , 2 w k 
- ^ log — 
2 


w m 


_ 2 


WjWi 


~ ^log 2 ( 


Wl 


1 


log 2 




1 , 2 w k 

- ^ log — 
2 


w m 


_ 2 


WjWi 




Wl . 


1 


|lO| 


w k , 

; log 




w m 


~ 2 




Other equalities P 2 ~ 


P3- 


1P4 


and iVi w 


iV 2 « jV 3 « 



4 Geometric structures of the triangulations 

For Yokota triangulation and Thurston triangulation, we assign complex variables on each 
tetrahedra and solve certain equations. Then one of the solutions gives the complete hyper- 
bolic structure of the knot complement. We describe these procedures in this section. 

At first, consider the following positive and negative crossings in Figure|9j where z a , Zb, z c , Zd 
are the variables assigned to the sides of G and Wj,Wk,wi,w m are the variables assigned to 
the regions of G. Note that z a} z^i z C} Zd and Wj, Wk,wi, w m are used for defining the potential 
functions V(zi, . . . , z g ) and W(wi, . . . ,w m ) respectively. 
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z b z a z b 

Figure 9: Assignment of variables 



Then we consider Figure 10, We assign J, ^, ^ to the horizontal edges C n D ra , D n A n , 
A n B n , B n C n respectively. This assignment determines the shape parameters of the tetrahedra 

1 Wk Wk_ I W]_ 



of Yokota triangulation. Also, for the positive crossing, we assign 



to C n F„, D n E„, A n F n , B n E„ respectively, and assign ( 



-l 



to B n D„ and A n C n for the 



parameter of the tetrahedron A n B n C n D n . For the negative crossing, we assign 



"V, 



, ^ to B n E n , C n F„, D n E n , A n F n respectively, and assign to B„D n and 

A n C n for the parameter of the tetrahedron A n B n C n D n . These assignments determine the 
shape parameters of the tetrahedra of Thurston triangulation. 






A n 






z b 


z d 


D n 





(a) Positive crossing 




(b) Negative crossing 



Figure 10: Assignment of shape parameters 

We do not assign any shape parameters to the collapsed edges. Also, in the case of 
Thurston triangulation, we do not assign any shape parameters to the edges that contain the 
endpoints of the collapsed edges. For example, if C n D n is collapsed, then we do not assign 
any shape parameters to C n F n , D n E n and B n D n . Also, if D n E n is collapsed in Figure [lO|a), 
then we do not assign any shape parameters to B n D n , B n E n , C n D n and D n A n j^] 



The edges C ra D„ and D„A„ are horizontal edges, but are identified to non-horizontal edges. When this 
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Yokota and Thurston triangulations are ideal triangulations, so by assigning shape param- 
eters, we can determine all the shapes of the hyperbolic ideal tetrahedra of the triangulations. 
Note that if we assign a shape parameter u G C — {0, 1} to an edge of an ideal tetrahedron, 
then the other edges are also parametrized by u, u' := and u" := 1 — ^ as in Figure Oil 



D 




A u B 



Figure 11: Parametrization of a hyperbolic ideal tetrahedron with shape parameter u 



So as to get the hyperbolic structure, these shape parameters should satisfy the edges 
relations and the cusp conditions. The edge relations mean the product of all shape pa- 
rameters assigned to each edge should be 1, and the cusp conditions mean the holonomies 
induced by the longitude and the meridian should be translations on the cusp. These two 
conditions can be expressed by set of equations of the shape parameters, so we call the set 
of equations hyperbolicity equations. (For details, see Chapter 4 of We call a solution 

(z\, . . . ,z g ) of the hyperbolicity equations of Yokota triangulation essential if none of the 
shape parameters of the tetrahedra are one of 0, l,oo. We also define an essential solution 
(wi, . . . ,w m ) of Thurston triangulation in the same way. It is a well-known fact that if the 
hyperbolicity equations have an essential solution, then they have the unique solution which 
gives the hyperbolic structure to the triangulation]^] (For details, see Section 2.8 of [To].) 
We call the unique solution geometric solution, and denote the geometric solution of Yokota 
triangulation z^ = (z± , . . . , Zg ) and that of Thurston triangulation w^ ^ = (w[ , . . . , Wm) 
We remark that, in Theorem L3, we assumed the existence of the geometric solutions 
and w^ ). 



Yokota proved in [T7] that, for the potential function V defined in Section 3.1 
"Hi = jexp (zk§^j =1 I k = 1, . . . ,gj becomes the hyperbolicity equations of Yokota tri- 
angulation. In other words, each element of Hi becomes an edge relation or a cusp condition 
for all k — 1, . . . , g, and all the other equations are trivially or induced from the elements of 



Proposition 1.1 shows the same holds for the potential function W defined in Section 3.2 
and V.2 = jexp (wij^j — 1 | I — 1, . . . , m\. We prove it in this section. 

happens, we do not assign shape parameters to these edges. 

3 Strictly speaking, we have the unique values of shape parameters. However, these values uniquely 
determine the solutions (z^, . . . , Zg ^) and (u^ \ . . . , w$). It was explained in [T7] for Yokota triangulation, 
and it will be in the end of this Section for Thurston triangulation. 
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Let A be the set of non-collapsed horizontal edges of Thurston triangulation of S 3 — K. 
Let B be the set of non-collapsed non-horizontal edges A n E n , B n E„, C n E n , D„E n , A n F n , 
B n F n , C„F n , D n F n in Figure 10, which are not in A^\ Finally, let C be the set of edges A n C„, 



B n D n in Figure 10, which are not in A U B. 

For example, in Figure^ A = { A 7 B 7 = B 6 C 6 = D 2 A 2 = D 2 F 2 = A 2 B 2 = B 2 F 2 
A3F3 = B3F3 = D3F3 = D 5 E 5 , D 6 A 6 = B5C5, C 6 D 6 = C 5 D 5 = C 3 D 3 = D 7 A 7 = 



: C 2 F 2 
A 7 E 7 



C 7 D 7 = C 7 E 7 = A 2 E 2 = C 2 E 2 = B 2 E 2 = A 6 E 6 = B 6 E 6 = CeE 6 = C5F5, D 5 A 5 = B3C3, 



C 2 D 2 = B 7 C 7 = D3A3}, B = { D3E3 = B 7 F 7 
C5E5 = A5E5 = C3F3, A 7 F 7 = C 6 F 6 , D 6 E 6 : 
C3E3 = C 7 F 7 , B 7 E 7 = D 2 E 2 } and C = 0. 



D 7 F 7 
B5F5 : 



A 6 F 6 
D5F5 



BeF 6 
A5F5 



D 6 F 6 
A3E3 



B5E5 
B3E3 



Lemma 4.1. For a hyperbolic knot K with a fixed diagram, we assume the assumptions of 



Proposition 1.1 Then the edges in BUC satisfy the edge relations trivially by the assigning 
rule of the shape parameters. 



Proof. If an edge A n C n or B n D„ of Figure [10] is in C, then the octahedron A n B n C„D n E n F n 
does not have any collapsed edge. By the assigning rule of the shape parameters, all the 
edges in C satisfy edge relations trivially. 

Now we show the case of B. Consider the following four cases of two points U\ and n 2 



in Figure 12 and the two regions between the crossings are parametrized by the variables w a 
and Wb- (For the positions of the points A ni , B ni , . . . , F„ 2 , see Figure |2}) At first, we assume 



no edges are collapsed in the tetrahedra A ni B ni D ni F ni and C„ 2 B n2 D n2 F n2 . This means the 



two regions with w a and Wb in Figure 12 are bounded. 



W a 

(a) 

i' ! b 



W a 

(c) 



n 2 



Tit 



n 2 



ni 



W u 

(b) 
w b 



W a 
(d) 



n-2 



n 2 



Figure 12: Four cases 

In the case of Figure (12^ a), we want to prove the edge relation of the edge A ni F ni = 
C n2 F n2 G B holds trivially. We draw a part of the cusp diagram in A ni B ni D ni F ni U 
C n2 B n2 D n2 F„ 2 near F ni = F n2 as in Figure [13] Our tetrahedra are all ideal, so the tri- 



angles Aaia 2 «3 and Aaia^a^ are Euclidean. Note that ot\, . . . , «5 are points in the edges 

4 Collapsing may identify some horizontal edges to non-horizontal edges. In this case, we put these 
identified edges in A. 
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A F 



Cn 2 F n2 , 



B F 



D F 



D F 

s - J ri2 s - ri2 j 



B n2 F„ 2 respectively. 



Furthermore, edges oio 2 

and 01O3 are identified to 010:5 and 0:10:4 respectively]^] On the edge A ni F ni = C n2 F„ 2 , two 
shape parameters w a /wb and Wb/w a are assigned respectively by the assigning rule, so the 
edge relation of A ni F ni = C n2 F n2 e B holds trivially 

^ «5 




03^ \l O4 

Figure 13: Part of the cusp diagram of Figure fl2la) 



In the case of Figure |12|(c), we want to prove the edge relation of A ni F ni e B holds 
trivially. If n 2 is a positive crossing, we draw a part of the cusp diagram in A ni B ni D m F ni U 



A n2 C n2 D n2 E n2 near F ni 



diagram in A ni B m D ni F m U A„ 2 B n2 C n2 E n2 near F m 

o 2 



E n2 , and if n 2 is a negative crossing, we draw a part of the cusp 

EL 



-Tt2 



as in Figure 14 




Figure 14: Part of the cusp diagram of Figure |l2^c) 

Note that if n 2 is a positive crossing, then 01, . . . , 04 are points in the edges A ni F ni = 
A n2 E n2 , B ni F ni , D ni F ni = D n2 E n2 , C„ 2 E„ 2 respectively, and if n 2 is a negative crossing, 
then 01, . . . , o 4 are points in the edges A ni F ni = C n2 E„ 2 , B m F ni , D ni F ni = B„ 2 E„ 2 , A„ 2 E n2 
respectively. Furthermore, the edge o 2 Oi is identified to o 3 o 4 , so the diagram in Figure 14 
becomes an annulus. The product of shape parameters around 01 = 04 in the annulus is 

— ( — ) ( — ] =—1, and the one around o 2 = 03 is also —1. Therefore, if we consider 
w b \w b J \w b J 

the previous annulus on the right of Figure 14 which shares the edge 01O4, we obtain the 
edge relation of A ni F ni trivially. 

We remark that the previous annulus always exists because, when we follow the horizontal 
line in Figure 12 c) backwards, after meeting the under- crossing point n 2 , we let the next 



over-crossing point n s . (See Figure [15]) (If does not exist, then A ni F ni e A and it violates 
our assumption.) Then a part of the cusp diagram between n 2 and also forms an annulus, 
and this is the previous annulus P 



5 In fact, edges 0:20:3 and 0504 are also identified, so the two triangles are cancelled each other. This 
means the corresponding tetrahedra A n i B rai D K1 F W] and C n2 B„ 2 D„ 2 F„ 2 are cancelled each other. 



As we seen in the case of Figure 



12 



a ) , the crossing points between U2 and 713 does not have any effect on 
the part of the cusp diagram because the triangles in Figure [13] cancelled each other. Also, as explained below, 
the existence of the previous annulus is still true even if some regions between n-z and 713 are unbounded. 



20 



w b 



n 2 



n 3 



Figure 15: Previous annulus 



The cases of Figure 12 b) and Figure [l2[d) are the same with the cases of Figure [l2[a) 
and Figure [l2](c) respectively. Therefore, we find all the edges in B satisfy the edge relations 
trivially by the method of parametrizing edges. 

Now we assume one of the regions parametrized by w a or u> fe in Figure 12 is unbounded 
region. Then the cusp diagram in Figure 13 collapsed to an edge «2«3 = «5«4 and the one 
in Figure 14 collapsed to an edge a^a?, = «i«4. Therefore, our arguments for B still hold for 
the collapsed caseQ 

□ 



Proof of Proposition ^ . 1\ Consider the function Pi(wj,w k ,wi,w m ), which was appeared in 
Section |3.2| By direct calculation, we obtain 

dP l 



exp l w 



exp w k 



exp wi 



exp l w 



J dwj 
dP 1 
dw k 
dP l 
dwi 
dP 1 
'" dw m 



WjWi 

w k w m 
w k w m 

( WjWi 

w k w m 

WjWi 

w k w m 



Wj 

W m 

W„ 
Wl 



Wk_ 
Wj 
Wk 
Wj 

Wk 
Wl 

Wm 
Wj 



(7) 



(9) 
(10) 



Note that ([7]), ([8]), ^ and (10) are the product of shape parameters assigned to the edges 
C n D n , D n A n , A n B n and B n C n of Figure [To^a) respectively]^] Also, after evaluating wi = to 
Pi, we obtain 



exp w 



exp w k 



exp w 



dPi(wj,w k ,Q,w r , 
dwj 

dPi(wj,w k ,0,w ri 
dw k 

dPi(wj,Wk,0,w r , 
dw m 



w, 



w j 



Wk 



W 



rn 



W 



Wk 



3 

W m 



W J 



W.; 



Wk 



W-i 



(11) 

(12) 
(13) 



7 What we need is to consider the next annuli on the left and the right side, and do the same arguments. 
For example, consider the equation (|7|) and Figure 10 '&). The shape parameters assigned to the edge 



C„D„ are (j^Y, (^A" and ( ^Y 

n n \w k w m J ' \Wj J \Wj J 

C rl D„A ra E n respectively. 



which come from the tetrahedra C n D„A„B„, CnDnBnF^ and 
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Note that (11), (12) and (13) are the product of shape parameters assigned to the edges 



C n D n , D n A n and B„C n of Figure jlOfa) respectively after collapsing the edge A n B n . Direct 
calculation shows the same relations hold for P2, P3, P4, N\, N2, N3 and N4. 



Consider the first potential function for the end point of I in Section 3.2 Direct calcula- 
tion shows 



exp l wi 
exp ^w m 
exp I Wj 



dPi(wj,Wj,wi,w r , 



dwi 

dPi(wj,Wj,wi,w r , 



dw m 

dPx(Wj,Wj,Wi,Wm, 



dwj 



exp w 



dP^Wj.Wj^.Wmj 



exp w 



dPx(wj,Wj,Wi,0) 



exp wi 



exp w, 



Wj_ 

w m 

Wm 
W ; 



dPxjw^w^wuti) 
dwi 

dPx{wj,Wj^,w m ) 



w, 



dw r , 



W„ 



W i 



III 



Wj 



W J 



Wj \ W m 
Wi J Wi' 



W j 



Wj \ Wj 



Wl J Wi 



-1), 



(14) 
(15) 
(16) 
(17) 
(18) 



where (14) and (15) are the product of shape parameters assigned to the edges A n B n and 



B n C„ of Figure 10 a) after collapsing the edge D n E n respectively without or with the col- 



lapsing of a horizontal edge. 



To explain that (16), (17) and (18) are still parts of edge relations, we need different 



discussion. At first, see Figure 16 




(a) From Figure 13 




(b) From Figure 14 



Figure 16: Parts of the cusp diagrams from Figure 13 and Figure 14 



In Figure |16[a), the product of all shape parameters assigned to the edge expressed by 
dots is 



W b ) \W b 

and in Figure [lo^b), the product is 



W n \ I W n \ I W b \ W b 



w n 



w„ 



W a \ ( W n \ " W n 



W b 



-1. 



W b I w b 



(19) 



(20) 
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To see the meaning of (16), consider the following two cases in Figure 17, where n\ is the 



end point of I and ri2 is the previous over-crossing point. Figure |l7[a) means the case when 
there is no crossing point between n\ and 712, and Figure [T7|(b) means the other case. 



w 1 



111 



Wi 



n- 2 



I 

Wi 



Wi 



Wf 



n-2 



(a) (b) 

Figure 17: Two cases after the end point of / 

Because ni is the end point of /, the edge D ni E ni of the octahedron on m in Figure |lO)^a) 
is collapsed to a point D m = E ni and it become two tetrahedra as in Figure 18 (If one more 
horizontal edge is collapsed here, the result becomes one tetrahedron. This is the cases of 



equations (17) and (18) 




Figure 18: Figure |10|(a) after collapsing the edge D ni E ni 



The part of the cusp diagrams of each cases are in Figure 19 (See Figure [9] and Figure 
10 for the assigning rule of the shape parameters.) 

In the case of Figure |l7[a), the product of shape parameters assigned to the edges 

C ni D ni = D ni A ni of Figure 



is 



. These edges are identified to C n2 F n2 , and — 



is assigned to this edge. This explains that (16) is the product of shape parameters assigned 
to the edges C ni D ni 



r> A 

s - J ri\ I *-n\ 



C n2 F n2 . 



In the case of Figure 17^), the product of shape parameters assigned to the edges 

[b), these edges are identi- 



D m A m of Figure 
fied to the edges presented by 



is 



wi 



In Figure 
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the dots, and the product of shape parameters assigned to the 
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(a) 



(b) 



Figure 19: The parts of the cusp diagram corresponding to Figure [17 



edges is 



Wi 



Wl 



X 1 X ■ ■ ■ X (-1) 



w, 



by (19) and (20). This also explains (16) is the product of shape parameters assigned to 
and some other edges identified to this. This fact is still tru^jeven if some 

Wf are unbounded regions, because the collapsing 



C T) 



T) A 

'- J n\ Jri -n\ 



of the regions assigned by w c ,Wd, 
of the horizontal edges makes the cusp diagrams of Figure [13] and Figure [14] into edges. If 



the cusp diagram of Figure 13 becomes an edge, then ignoring the diagram is enough for 



our consideration, and if that of Figure 14 becomes an edge, then considering the previous 
annulus is enough. The previous annulus always exists because, by the same argument in the 



proof of Lemma |4.1[ if we choose the next over-crossing point n-^ by following the horizontal 
lines backwards, the cusp diagram between n 2 and TI3 becomes the previous annulus P*] 

Now we describe the meaning of (17). Let n\ be the end point of /, n 2 be the previous 
over-crossing point and n 3 be the previous under-crossing point. Also let h be the previous 
point of rii. Assume the edges D ni E ni and A ni B ni of Figure [To|a) are collapsed. Then 

C ni D„, = B ni D ni and ( — ) — is assigned to this edge. If n — n^, then the edges identified 



to C ni D 



B ni D ni are appeared between the points n = n 2 and 713 as the dots in Figure 16 



and if n 7^ n 2 , then the edges are appeared between h and n 2 as the same way. Especially, 
Figure [l6Fa) may appear many times, but Figure [l6](b) appears only one time at the point nz 



or n 2 respectively. By (|19|) and (]20|), the product of all shape parameters assigned to the dots 

B 



is —1, so (17) is the product of shape parameters assigned to the edges C ni D ni 



ni -Dni 



and some others identified to these. This fact is still true when some of the horizontal edges 
or non-horizontal edges of the octahedra are collapsed because of the same reason explained 



in the case of (16) before 



The same relations hold for (18) and the cases of other potential functions of the endpoints 



of / and J by the same arguments. 

9 Even if the endpoint of J lies between the crossings n\ and ri2, this fact is still true because the collapsing 
of the non-horizontal edges does not change the part of the cusp diagram we are considering. 

10 There is a concern that the previous annulus is collapsed to an edge, and all the previous annuli, following 
the horizontal line, are collapsed to edges. However, this cannot happen because Thurston triangulation is 
a triangulation of the hyperbolic knot complement S 3 — K and we assumed the existence of the geometric 
solution. 



24 



Therefore, we conclude that %2 becomes all the edge relations of A except the one hor- 
izontal edge whose region is assigned to instead of the variables w\, . . . , w m . For an ideal 



tetrahedron parametrized with u G C as in Figure [TTJ the product of all shape parameters 
assigned to all edges in the tetrahedron is {uu'u") 2 = 1. This implies the product of all edge 



relations becomes 1. On the other hand, from Lemma 4.1 and the above arguments, we found 
all but one edge relation by Therefore, the remaining edge relation holds automatically. 
Finally, we prove W2 contains the cusp condition. Note that edges «i«4 and «2«3 in 



Figure 14 are meridians of the cusp diagram. The same shape parameter ^ is assigned to 
the corners Za 2 «i«3 an d Zaia^a^, so one of the cusp condition is trivially satisfied by the 
method of assigning shape parameters to edges. If we have all the edge relations and one 
cusp condition of a meridian, then we can obtain all the other cusp conditions using these 
relations. Therefore, we conclude H2 is the hyperbolicity equations of Thurston triangulation 
of S 3 — K. 

□ 

We remark one technical fact. For Thurston triangulation, let the shape parameters of 
the ideal tetrahedra be si, . . . , Sh- These parameters are defined by the ratios of a solution 
Wi, . . . , w m of T-L 2 , so if the values of W\, . . . , w m are fixed, then the values of si, . . . , Sh 
are uniquely determined and satisfy the hyperbolicity equation. Likewise, if the values of 
si, . . . , Sh satisfying the hyperbolicity equations are fixed, then we can uniquely determine 
the solution of wi, . . . ,w m of H 2 as follows: At first, we can determine some of the values 
of wi, . . . ,w m , which are assigned to the regions adjacent to the region assigned with the 
number 0. Once a value wi of a region is determined, then all the values of the adjacent 
regions can be determined. Therefore, all w\, . . . , w m can be determined. Furthermore, those 
values are well-defined and become a solution of I-L2 because of the hyperbolicity equations. 

In next section, we will show the shape parameters of Yokota triangulation determines that 
of Thurston triangulation, and with certain restriction, vice versa. By the above discussion, 
this correspondence means each essential solution of %\ determines unique solution of %2- 
Furthermore, if all the determined solutions of I-L2 are essential, then each essential solution 
of I-L2 determines unique essential solution of Hi. 



5 Proof of Theorem 1.3 



We start this section with the proof of Lemma 1.2 



Proof of Lemma For a hyperbolic ideal octahedron in Figure [20j we assign shape pa- 
rameters ti, t 2 , £3, £4, iti, U2, U3 and Ui to the edges CD, DA, AB, BC, CF, DE, AF and BE 



respectively. Let u 5 :- 



U1U3 U2U4 
AC and BD of the tetrahedron ABCD 



which is also a shape parameter assigned to the edges 
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E 



Figure 20: Assignment of shape parameters 



Then we obtain the following relations. 



Ml 


— t' t" 


' £ a = u"u 2 %, 


U2 


- t' t" 


t 2 = u 2 u' 3 u%, 


< U3 




h = m'XX> 


U4 


- £' t" 




„ u 5 







(21) 



Note that £1, . . . , £4 and 115 are the shape parameters of tetrahedra in Yokota tri- 

angulation and Thurston triangulation respectively. According to Observation |2.1[ we know 



these two triangulations are related by 3-2 moves and 4-5 moves on collapsed octahedra 



and non-collapsed octahedra respectively. The equation (21) shows the correspondence be- 
tween the shape parameters under 4-5 moves, so if £1, ... ,£4 ^ {0, 1, 00}, we can determine 
the values of ui,...,us from the left side of (21). Also the equation corresponding to 3-2 
move can be obtained easily. (See (31) for example.) This implies that the shape param- 



eters of Yokota triangulation determine that of Thurston triangulation. Furthermore, if all 
,«5 ^ {0, 1, 00}, then the shape parameters of Thurston triangulation recovers that of 
Yokota triangulation by the right side of (21). It completes the proof. 

□ 

Our goal of this section is to prove 

V (zi, ...,z g ) = W (w!, w m ) (mod 47r 2 ), 

for any essential solution (z±, . . . , z g ) of "Hi and the corresponding essential solution (w±, . . . , w m 
of H,2- To prove it, we introduce the dilogarithm identities of an ideal octahedron in Lemma 
5.1 To avoid confusion, we assume the principal branch of the logarithm function. 
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Let D(z) := ImLi 2 (,2) + log \z\ arg(l — z) be the Bloch-Wigner function for z G C — {0, 1}. 
It is a well-known fact that D(z) = vol(T 2 ), where T z is the hyperbolic ideal tetrahedron 



with the shape parameter z. Therefore, from Figure 20, we obtain 



D(ti) + D(t 2 ) + D(t 3 ) + D(U) = D{u x ) + D{u 2 ) + D{u 3 ) + D{u 4 ) + D(« 5 ). (22) 
Lemma 5.1. Let t%, t 2 , t 3 , t 4 , Ui, u 2 , u 3 , u 4 , u 5 ^ {0,1, oo} fre the shape parameters defined in 



the hyperbolic octahedron in Figure 20, which are satisfying ^21y and (22). Then the following 
identities hold. 



Li 2 (t x ) - Li 2 (i) + Li 2 (t 3 ) - Li 2 (-) 

t 2 t4 

1 1 7T 2 

= Li 2 (wi) + Li 2 (« 2 ) - Li 2 (— ) - Li 2 (— ) + Li 2 (« 5 ) - ~r + log«i logu 2 

M 3 M4 O 

- (~ log(l - ti) + log(l - I)) logu 2 - (- log(l - t x ) + log(l - 1; 



4 ( -log(l-t! 

log(l - t 3 ) + log(l 



log(l - -) ) log(l - u x ) + ( - log(l - t x ) + log(l 



- h) log(l --)+(- log(l - t 3 ) + log(l 
+ ( log(l - ti) - log(l - i) + log(l - t 3 ) - log(l - ^) J log(l - u 5 ) 



log Mi 
1 

1 



(23) 



log(l - u 2 ) 



1 



, ,log(l 

14 / W4 



Li 2 (tti) - Li 2 ( 



— ) - Li 2 (— ) + Li 2 (u 4 ) - Li 2 (— ) + ~ - logu 2 logw 3 

U 2 U 3 U 5 



+ ( - log(l - t 3 ) + log(l - i)J log W 2 + f- log(l - tl) + log(l - 1; 



H ( - log(l - t0 + log(l - -) ) log(l - u x ) + [ - log(l - h) + log(l 



+ - log(l - t 3 ) + log(l 



I) ) l og (l --)+(- log(l - t 3 ) + log(l 
+ ( log(l - ti) - log(l - h + log(l - t 3 ) - log(l - i ) J log(l - -) 



(24) 



logW 3 



r)) Mi - - 

*2 / U 2 



log(l - u 4 ) 
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1 1 7T 2 

= -Li 2 (— ) - Li 2 ( — ) + Li 2 (w 3 ) + Li 2 (« 4 ) + Li 2 (w 5 ) - — + logw 3 logw 4 

log(l - t 3 ) + log(l - -) j l0gM 3 - ( - l0g(l - t 3 ) + log(l - 1) ) log« 4 



^4 / V ^2 

+ ( - iog(i - h) + iog(i - i)^ iog(i - ^) + (- M 1 " *0 + lo sd - ^)) Mi 

+ ( - log(l - t 3 ) + log(l - log(l - u 3 ) + (- log(l - f 3 ) + log(l - log(l 
+ ( log(l - ti) - log(l - + log(l - t 3 ) - log(l - log(l - U 5 ) 

I 1 1 7T^ 

= -Li 2 (— ) + Li 2 (w 2 ) + Li 2 (w 3 ) - Li 2 ( — ) - Li 2 ( — ) + — - logui logu 4 

+ (- log(l - h) + log(l - log w 4 + (- log(l - t 3 ) + log(l - ^ logui 
+ (- log(l - *i) + log(l - log(l - ^) + (" Ml - *i) + M 1 - ^)) log(l 
+ (- log(l - t 3 ) + log(l - i)^ log(l - « 3 ) + log(l - t 3 ) + log(l - i)^ log(l 
+ flog(l - h) - log(l - i) + log(l - f 3 ) - log(l - i)) log(l - -). 
Furthermore, 

1 1 7T 2 7T 2 

Li 2 (ti) - Li 2 ( — ) - Li 2 ( — ) + — = Li 2 (ui) + Li 2 (m 2 ) - — + logMilogw 2 

t 2 t 4 o o 

+ (- l0g(l - ti) + l0g(l - ^ (- l0gM 2 + l0g(l - Ul )) 

+ (- log(l - fi) + log(l - ^ (- logui + log(l - u 2 )) 
when CD is collapsed to a point, 

1 7T 2 1 1 7T 2 

Li 2 (ti) - Li 2 (— ) + Li 2 (t 3 ) - 7T = -Li 2 (— ) - Li 2 (— ) + — - logw 2 logu 3 

I 2 O M 2 M 3 

+ (- log(l - i 3 ) + log(l - ^ (log« 2 + log(l - i-) 
+ ( - log(l - h) + log(l - j) J nogu 3 + log(l - ^-) 
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when DA is collapsed to a point, 



1 1 n z ir z 

- Li 2 ( — ) + Li 2 (t 3 ) - Li 2 ( — ) + — = Li 2 (M 3 ) + Li 2 (w 4 ) - — + logM 3 logM 4 

t 2 14 O 6 



(29) 



+ I - log(l - t 3 ) + log(l - 
+ (-log(l-t 3 ) + log(l- 
when AB is collapsed to a point, and 



1 



logM 3 + log(l - M 4 )) 
-logM 4 + log(l ~U 3 )) 



Li 2 (ti) + Li 2 (t 3 ) - Li 2 ( 



— = -Li 2 — -L12 — ) + — 

6 U\ M4 6 



log Ml k)gM 4 



(30) 



4 ( -log(l-ta)+log(l- 
log(l - t 3 ) + log(l - 



w 

1 

*4 



logM 4 + log(l - 
log Mi + log(l - 



Mi' 
1 

M4 



when BC is collapsed to a point. 



Proof. After the direct calculation of the imaginary parts of (23), (24), (25), (26), they 
coincide with 



Dih) - D(±) + D(t 3 ) - D(±] 

i 2 t 4 

D(h) - D £) + D(ts) - 

i 2 t 4 

i 2 c 4 
Dfa) - D{±) + D(ts) - 

l 2 V4 



1 



1 



D( Ul ) + D(u 2 ) - £>(— ) - £>(— ) + D(u 5 ), 

M 3 M 4 

D(m0 - D{—) - D(-) + D(m 4 ) - D(-), 

M 2 M 3 M 5 

) - £>(— ) + D(it 3 ) + D(u 4 ) + D(u 5 ), 

Mi M 2 

-D(-) + D(m 2 ) + D(u 3 ) - D(-) - D(-) 

Mi M 4 M5 



respectively by the definition of D and ( |21[ ). Each of these identities are equivalent to (22) 
by the well-known fact D(-) = —D(z), so the imaginary parts of (23), (24), (25), (26) hold. 
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For example, the imaginary part of (23) becomes 

D(ti) - + D(t 3 ) - D(i) - log \h\ arg(l - fc) 

t 2 £4 



- log |t 2 | arg(l 



1 



log |t 3 | arg(l - t 3 ) - log \U\ arg(l - 



D(wi) + D{u 2 ) - D{- 



'U3' 



'«4 



D(u 5 ) + log argu 2 + argu x log \u 2 \ 



- log I arg(l - ui) - log \u 2 \ arg(l - u 2 ) - log |tt 3 | arg(l ) 

U3 



-log|w 4 |arg(l 



M4' 



log |it 5 | arg(l - us) 
- log |«i| argw 2 - log |u 2 | argiti 

+ log arg(l - Mi) + log \u 2 \ arg(l - u 2 ) + log |u 3 | arg(l 



u 3 



+ log |u 4 | arg(l 



M4 



+ log|w 5 |arg(l-M 5 ) 



arg(l - ti) log kt 2 «! (1 - ui)(l - u 2 )(l - u t 



v — XI 



— arg(l - ^)log 

- arg(l - t 3 ) log 



- arg(l - — )log 
t 4 



^i(l - ^ 2 ) _1 (1 - ^5) 



u 3 



(1--)(1 

^3 



M4 



-)(l-«6) 



-1 



W2(l-«l) _1 (l )" A (l-«5) 



M4 



Using m 5 



1 



1 



we obtain 



Wl(l-W 2 ) (1 ) (1 - «s) = «2 U 3 W 5 = *2, 

^3 

1 



W 2 (l-Ul) (1 ) (l-u 5 )=u' i u 1 u 



U4 



Applying them, we can check the imaginary part of (23) is equivalent to (22). 

On the other hand, (23), (24), (25), (26) are analytic functions on certain 3-dimensional 
open set, so the real parts also hold up to some real constants. After evaluating t% = t 2 = 
£3 = £4 = Mi = u 2 = u 3 = m 4 = i and u 5 = — 1 to these functions]^] we find that all constants 
are zero. 

Now we assume the edge CD is collapsed to a point. Then we obtain the following 
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Note that Li 2 (-1) = 



30 



relations. 



u 2 



f t" 

f t" 




(31) 



After the direct calculation of the imaginary part of (27), it coincides with 



D{h) - D(h - D(h = D( Ul ) + D{u 2 ) 
i 2 M 



by (31 ), and it holds by the additivity of volume. Because of the analyticity of (27) on certain 



U 



exp(^p) and U\ 



2-dimensional open set, the real part of (|27j) also holds up to a real constant. Evaluating 

u 2 = exp(^) shows the constant is zero, so the identity 



(27) is true. Other identities (28), (29), (30) can be proved by the same method. 



□ 



Proof of Theorem 1.3 Now we prove the theorem by calculating the potential functions on 
each crossing n. At first, consider the case that no edge of the octahedron on the positive 
crossing n is collapsed. Let the variables assigned to the contributing sides be z a ,...,z<i as 
in Figure 9] and let t\ 
potential 



unction of the crossing becomes 



ti = y as in Figure 10 a). Then the Yokota 



X(z„ 



Zd) 



Li 2 (*i 



Li 2 (^) + Li 2 (t 3 ) 
t 2 



Li 2 (^) 



and 



Li 2 (ti) 



Xo(z a , . . . , Zd 

+ f-log(l-ti)+log(l- 
+ (-log(l-t 3 )+log(l- 



Li 2 (-^) + Li 2 (t 3 )-Li 2 (^; 
t 2 14 



(32) 



V 

Likewise, let the variables assigned to the regions be w 



\ogz a - ^- log(l - h) + log(l 
\ogz c - ( - log(l - h) + log(l 



1 

h 

i_. 

W 



log z b 
log z d . 



Ul 



u 2 



«3 



Wl ■ 



U4 



U 5 



3i 



W r , 



as in Figure |9l and let 



as in Figure 



Wl 1 J W k W m 

function of the colored Jones polynomial of the crossing becomes 



10 



7 



a). Then the potential 
which was defined in 



31 



Lemma 3^ for / 
Pio 



, 4, and 



11 n z 
= Li 2 (ui) + Li 2 (u 2 ) - Li 2 (— ) - Li 2 (— ) + Li 2 (w 5 ) - — + logMilogu 2 

U3 W4 

+ (- log(l - Ui) - log(l - U 2 ) + log(l - U 5 ) + log Mi + logW 2 ) log Wj 

log(l ) - log(l ) + log(l - u B ) ) logwi 



(33) 



+ ( log(l -u 2 ) + log(l 

+ 



log(l - U 5 ) - log Mi ) logWfc 



u 3 



U4 



+ log(l - Ui) + log(l 



log(l - U 5 ) - logW 2 logW m . 



U4' 

We define the remaining term Z n by the difference of two potential functions Vq — Wq of 
the crossing n. In this case, Z n = X — P w . 

Assume z a , . . . ,Zd,Wj, ■ ■ ■ , w m satisfy the assumption of Lemma 5. ill 12 Let 



Ux 


= -log(l 


- h) + iog(i 








u 2 


= -log(l 


- h) + iog(i 


- -) 






u 3 


= -log(l 


- * 3 ) + log(l 


- -) 






u 4 


= - log(l 


- * 3 ) + log(l 


-i). 






Tt 


= log(l - 


Ml) + log(l - 


u 2 ) - 


log(l - 


Us) - logui - logu 2 


T 2 


= -log(l 


- u 2 ) - log(l 


--) 


+ log(l 


- U 5 ) + log Mi, 


T 3 


= log(l - 


i) + Mi- 


-) - 


log(l - 




T 4 


= -log(l 


- Ui) - log(l 


~ -) 


+ log(l 


- u 5 ) + logu 2 . 



Then, by Q21J) , 

£7i = log Ui = logu> m — log Wj (mod 27rz), 
[/ 2 = logu 2 = logWk — log w j (mod 27rz), 
U 3 = log u 3 = log w k -log wi (mod 27ri), 
Ui = logU4 = logw m — log Wi (mod 2m), 



Tl 


= log 


;*i 


= log 


~z b 


- log 


Za 


(mod 2m), 


T 2 


= log 


;h 


= log 


■z c 


- log 


Zb 


(mod 2m), 


T 3 


= log 


;t 3 


= log 


~Z d 


— log 




(mod 2m), 


Ti 


= log 


]U 


= log 


Za 


— log 


;z d 


(mod 2m), 



and U 1 + U 3 = U 2 + U 4 , T 1 + T 2 + T 3 + T 4 = 0. Applying these and (23) to (32) and (33), we 



12 Any essential solution (z a , 
satisfy this assumption. 



, Zd) of "Hi and the corresponding essential solution (wj, . . . ,w m ) of T~ii 
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obtain the remaining term Z n of the crossing n as follows. 

Z n = X - P w = Ui log z a - U 2 log z b + U 3 log z c - U 4 log z d 

+Ti log Wj + T 2 log w k + T 3 log wi + T 4 log w m -U x log u 2 - U 2 log u x 

+U X log(l - u x ) + C/ 2 log(l - u 2 ) + f/ 3 log(l - — ) + U 4 log(l - — ) - (C/i + C/ 3 ) log(l - u 5 ) 

W 3 M 4 

= Ti log Wj- + T 2 log w fc + T 3 log wi + T 4 log w m 
+U X (log z a - log z d + log(l - Mi) + log(l - — ) - log(l - u 5 ) - log u 2 

+U 2 1-logZb + logz d + log(l - u 2 ) - log(l - — ) - logui 

V M 4 

+U 3 (logZc - \ogz d + log(l ) + log(l ) - log(l - u 5 ) 

= T 2 (\ogw k - log Wj) + T 3 (\ogwi - log Wj) + T 4 (\ogw m - log Wj) 
+U X (log z a - log z d - T 4 ) + U 2 (- log z b + log z d -T 2 - T 3 ) + U 3 (log z c - log z d + T 3 ) 

= T 2 (\ogw k - log Wj) + T 3 (logw/ - log Wj) + T 4 (logw m - log Wj) 
+ (log w m - log Wj) (log z a - log z d - T 4 ) + (log w k - log Wj) (- log z b + log z d - T 2 - T 3 ) 
+ (log w k - log Wi) (log z c - log z d + T 3 ) (mod 4n 2 ) 

= - (log Wj - log W m ) log Z a - (log W k - log Wj) log z b + (log w k - log wi) log z c 
+ (log Wi - log W m ) log Z d . 

By the same method, we can prove that the remaining term of the negative crossing in Figure 
[9] is the same with that of the positive crossing. 

Now we consider the case that only one horizontal edge is collapsed in an octahedron on 
a positive crossing n. Let the region assigned to ri be the unbounded region and z c = z d = 1 



in Figure 
potential 



Also let t x = 3l t 2 = i £ 4 = z a and u x = u 2 = ^. Then the Yokota 



9 

unction of the crossing becomes 



1 1 7T 2 

X(z a , z 6 := Li 2 (t x ) - Li 2 (- - Li 2 (- + — 

r 2 £4 o 



and 



X {z a ,z b ) = U 2 (t x ) - Li 2 (i) - Ii 2 (i) + ^ (34) 

t 2 fc4 

+ (- log(l - ti) + log(l - log z a - ^- log(l - t x ) + log(l - I)) log z b . 
The potential function of the colored Jones polynomial of the crossing becomes 

7T 2 

Y(wj,w k ,w m ) := P 1 (w j ,w k ,0,w m ) = Li 2 (u x ) + Li 2 (n 2 ) - — + loguilogw 2 
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and 



7T- 



Li 2 (wi) + Li 2 (w 2 ) - tt + log Mi log m 2 
o 



Yo(wj,w k ,w m 

+ (- log(l - Mi) - log(l - M 2 ) + log Mi + logM 2 ) log Wj 

+ (log(l - M 2 ) - log Ml) logM> fc + (log(l - Wi) - logM 2 )logM; r , 



(35) 



In this case, the remaining term is Z n = Xq — Yq. Let 




-log(l-ti) + log(l 
-log(l-ti) + log(l h ,. 

log(l - Wi) + log(l - U 2 ) - log Mi - logM 2 , 
-log(l - U 2 ) + log Mi, 
-log(l - Wi) +logM 2 . 



Then, by (31), 



i i , i Ti = logti = logz b — log z a (mod 2m), 

Ux = log«i =logM; TO -logM;,- (mod 2m), I ' . , ° a ,X ; ' 

, , / , „ ./ < T 2 = logt 2 = -\ogz b (mod 2m), 



U 2 = \ogu 2 = \ogWk — \ogWj (mod 2m), 



T4 = log ti = log 2 a (mod 27ri), 



and Ti + T 2 + T 4 = 0. Applying these and (27) to (34) and (35), we obtain the remaining 
term Z n as follows. 

Z n = X -Y = Uilogz a -U 2 logz b + T 1 logw j + T 2 logWk + T 4 logw m -U 1 T 4 -U 2 T 2 
= Ui \ogz a - U 2 \ogz b + r 2 (logM; fc - \ogWj - U 2 ) + T 4 (logM7 m - \ogWj - Ui) 
= U 1 logz a -U 2 logz b 

-logz b (logw k - log Wj - U 2 ) + logz a (logM; m - logwj - C/i) (mod Air 2 ) 

= -(log Wj - \ogW m ) hgZ a - (}ogW k - logWj) hgZ b . 

By the same method, we can prove the remaining term of the negative crossing in this case is 
the same with that of the positive crossing. On the other hand, the remaining term becomes 

Z n = -(logM7 fc - hgWj) \ogZ b + (logW k - logWi) \ogZ c 

when the region assigned to w m is the unbounded region, 

Z n = (log w k - log wi) log z c + (log wi - log w m ) log z d 
when the region assigned to Wj is the unbounded region, and 

Z n = - (log Wj - log W m ) logZ a + (log Wi - logW m ) logZ d 

when the region assigned to w k is the unbounded region. 
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Zd 



w 



1 z c 

\ Wi 




w 



Zb 




Z a 



(b) (c) 
Figure 21: Four cases of the end point of / or J 



(d) 



w k 



Now we consider the case that the crossing point n is the endpoint of / or J. There are 



four cases as in Figure 21 We only prove the case of Figure |2l](a) because the others can be 



proved by the same method. 



At first, we assume all three regions in Figure 21 a) are bounded. Then, in Figure [I0[a 



the edge B n E n is collapsed to a point and ^, ^, ^ are assigned to the edges C n D r 
D n A n , A n F„, C n F n respectively. Also we obtain 



Zd 



16' 



Wi 



Wi 



W ; 



and 



Zd 



Zd 



(36) 



Applying (36) to Yokota potential function X(z a , z c , za) : = Li 2 ( — ) — Li 2 ( — ), we obtain 



X = Li 2 (^) - Li a (^) + log(l - ^) \ogz a - log(l - ^) log^ c 

Z r Z n Zri Z r 



-a 

Zd, 



Zd^ 



- I - log(l - -) + log(l - -) log z d 

V z c Z a J 

Li 2 (— ) - Li 2 (l - — ) + log— (log z a - \ogz d ) + log— (log ^ - \ogz c ). 



W, 



Wi 



Wi 



Also, applying (36 ) to the potential function of the colored Jones polynomial Y(wj, wi, w m ) 
P^WjtWjtWhWm) = Li 2 (^) -Li 2 W, we obtain 



Yn = Lio 



,W r . 



Wi 



Lis 



Wi. 



Wi 



- loffd 



W r , 



Wi 



) - log(l 



Wi. 



Wj 



log Wj 



•loefl 



logw; + log(l ) logw r , 



Lie 



It?,- 



~d 



Zd 



^d, 



-Li 2 (l ) - log— (log Wj -\ogw m ) - log— (log -fogwj). 



Using the well-known identity Li 2 (z) + Li 2 (l — z) 



log z log (1 — z) for z G C — {0, 1} 
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in [5], we obtain the remaining term 

7 v v , z d, wi w m z d 

Z n = X - Y = - log — log h log — log — 

Z c Wj Wj Z a 

+ log — (log z a - log z d ) + log — (log z d - log z c ) 

Wj Wj 

+ log — (log Wj - log W m ) + log — (log Wi - log Wj) 

Za Z c 

= log — (- log — + log Z d - log Z c ) + log — (log — + log Z a ~ log Z d ) 

Wj Z c Wj z a 

+ log — (log Wj - log W m ) + log— (log Wi - log Wj) 

Za Z c 

= (log Wi - log Wj) ^- log y + log z d - log z}j 

+ (logw m - logWj) ^log y + logz a - log z}j 

+ log — (log Wj — log w m ) + log — (log w\ — log Wj) (mod An 2 ) 

Za Z c 

= -(log Wj - log W m ) log Z a + (log Wj - log wi) log z c + (log Wi - log w m ) log z d . 



Finally, we consider the case that the region assigned with wi in Figure|21[a) is unbounded. 
Then the edges B n E n and C n D n are collapsed to points. Furthermore, z c = z d = 1 and wi — 0, 



and gned to the edges D n A„, A n F n in Figure HiUa) respectively. Applying 



w m „ 1 
— = *a = 1 

Wj Z a 

to Yokota potential function X(z a ) := — Li 2 (^-) + we obtain 

I 7T^ 1 I 7T^ W 

X = -Li 2 (— ) + — + log(l )log z a = -Li 2 (— ) + — +log — log2; a , 

Z a 6 Z a Z a 6 Wj 

and to the potential function of the colored Jones polynomial Y(wj,w m ) := P\(wj, Wj, 0, w m ) 
Li 2 (— ), we obtain 

Y = Li 2 (— ) + log(l - — )(logw m - log wj) = Li 2 (l - — ) + log — (logw m - logWj). 

Wj Wj z„ 

Therefore, we obtain the remaining term 

Z n := X -Y = log — log — + log — log z a - log — (log w m - log Wj) 

Z a Wj Wj z a 

= log — (log — - log W m + log Wj) + log — log Z a 

Z a Wj Wj 

= - log z a (log — - log w m + log Wj) + log — log z a (mod Air 2 ) 

Wj Wj 



■(log Wj - logw m )log2; a . 
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Likewise, we can show the remaining term becomes 



Z n = {log Wi - logW m ) logZ d 



when the region assigned to w m in Figure |2l](a) is unbounded, and other three cases in Figure 
21 can be obtained by the same method. 
We complete the proof by proving 



0. 



n : crossings of G 



Note that we defined a contributing side of G in Section 3.1. Assume the side assigned by z a 



in Figure 22 is a contributing side of G. (It means z a ^ 1.) 



Figure 22: Contributing side assigned by z a 

If the side goes out of the crossing point n\ , then the coefficient of log z a in Z ni is — (log Wj — 
log wi), and if the side goes into the crossing point n 2 , then the coefficient of log2; a in Z n2 is 
(log Wj — log wi). They are cancelled each other, and it happens for all the contributing sides. 

□ 



A Appendix 

A.l Formal substitution of the colored Jones polynomial and the 
potential function 



In this Appendix, we induce the potential function W(wi, . . . , w m ) defined in Section 3.2 
from the formal substitution Q of the colored Jones polynomial. 

The colored Jones polynomial is determined by the R-matrix and the local maxima/minima 
(See [7j for a reference.) However, as seen in ([T]), the local maxima/minima does not have 
an effect on the formal substitution. So we only consider the R-matrix of the colored Jones 
polynomial: 



r>j,k 



+m+l — km— (fc+m+l)/2 

S md+h 5l, k - h f (-l)W V 7 + (,- +t+ l)/2 
WhWWm 
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then 
then 



where j, k,l,m,h G {0, 1, . . . , N — 1} and 5j± is the Kronecker's delta. If Rf^ ^ 

h is uniquely determined by the formula h = j — m = I - k, and if (R- 1 )^ ^ 
h = m — j = k — I. 

Note that this R-matrix is the inverse of the one in [7]. This implies the colored Jones 
polynomial of a knot K here is the one of the mirror image K in [7J. This choice is more 



natural to [16] and Theorem 1.3 



Let K be the hyperbolic knot with a fixed diagram and G be the diagram defined in 



Section |2.1| with the orientation from J to /. We assign to one bounded region of G, and 
then assign variables r 1; . . . , r m G {0, 1, . . . , N — 1} to the other bounded regions of G and 
r m+i £ {0, 1, . . . , AT — 1} to the unbounded region. We assign variables to each sides according 
to the signed sum of variables of adjacent regions with orientations modulo N. (See Figure 
23 for an example.) 




Figure 23: Assigning variables on each regions and sides 



For each non-trivalent vertex of G, we assign the R-matrix to the positive crossing and 
the inverse to the negative crossing. Then we apply the formal substitution (JTJ to each R- 
matrix and substitute q Tn to w n as below. In the substitution process, if r n = then we put 
w n = 1. Note that we apply the same R-matrix or its inverse in different forms according 
to the position of the collapsed horizontal edge. If none of the horizontal edges is collapsed 
in the octahedron, then we choose any formal substitution among the four possibilities. For 
positive crossings : 
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ri -r m r k - r { 

n 



(. C i)r l -r m {. ( I )r k -r l 



_±yi+rj+l 



(q) 



r,.+r l -r h -r n 



(?~%-r m (?) 



Tj - r r 



xq 



(r m ~r j )(r k -r j )-(2r k -ri-r j + l)/2 



exp { h ("Li 2 (S) - Li 2 (^) + Li 2 (^) + Li 2 (^) + Li 2 Q) - £ + log ^ log 

(? _1 )n-r m (? -1 )^ 




irk-n 



(<1 l )rj+ri-r k -r m {q 1 )r j -r m (9 *) 



■1) 



(r k ~r l )(r k -r J )-(2r k -r l -r j + l)/2 



1> { & (Li 2 (^) - ^(S) - Li 2 (^ ) + Li 2 (^) - Li 2 Q) + ^ - log ^ log } 



n -r m r k - r, 




(9 1 )r l -r rn (q)r k - 



n 



r k - rj 



(r m -ri)(r k -ri)-(2r k -ri-r j+l)/2 



(q) rj+ri - rk _ rm (q) r ._ rm (q x ) 
xg 



(-1) 



■ri+rj + l 



exp { & (Li 2 (^) + Li 2 (^) + Li 2 (^) - Ii 2 (£) - U 2 Q) - $ + log ^ log } 




(?)n-r m (g)rv 



(O 1 1 )r j +ri-r fc -r m (Q , )r,--r m (Q , )» 



> ]-r< l~ 1 k~ • m \ ~±J rj—r m vi/^fc— 

-(r m — rj)(r m — rj)— (rj+rj— 2r m +l)/2 



"("I) 



- exp { ^ (-Li 2 (£) + Li 2 (^) - Li 2 (^ ) - Li 2 (^) + Li 2 Q) + £ - log log ^) }• 
For negative crossings : 




rk—n 



(q- 1 

xq~*- 



,(q %-r m (q)r k - 



■1) 



rj+rj+1 



rk+Tm-rj-ri W ;rj-r m \^±/rk-rj 
(r j -r m )(r j -r k ) + (r l +r j -2r m +l)/2 



exp f Li 2 W + Li 2 W - Li 2 (^^) - Li 2 (^) - Li 2 W + ^ - log ^ log ^U, 
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Tj I'm 



~ exp 

n 



n - r m r k - ti 

. (M )r;-r m (? )r k -n (^_iyi+ r j+ 1 

f ' k ( ( l)r k +r rn -r :j -r l (q^ 1 )r j -r m (q~ 1 )r k -r j 

f-Li 2 (^) + Li 2 (^) + Li 2 (^^) - Li 2 (^) + Li 2 (^) - 4 + log 

. (g )r l -r m ( ( l)r k -ri ^_\yi+ r j+ l 

Tk ' (5" 1 )r fc +r m -r,-r i (g)r J -r m (g- 1 ); fc 1 - rj 

-(n-»'m)(n-' 1 fc)+(n+rj-2r m +l)/2 



miog^U 
w k ^ w k j y 




~ exp <{ ^ f-Li 2 (^) - Li 2 (^) - Li 2 (^M + Li 2 (^-) + Li 2 (^) + £ - log ^ w 



( ( l)ri-r m ( ( l)r k -r l [_\yi+rj+l 

(l)r k +r m -rj-ri (?)r-j-r m {o) rk - r - 
Xq(ri-r rn )(rj-r m )+(ri+rj-2r m +l)/2 




( Li 2 (^M - Li 2 (^) + Li 2 (™^) + Li 2 (^) - Li 



For the trivalent vertices of G, we assign to the sides in / or J and then apply the same 
formal substitution to the R-matrix as follows. (In here, we do not concern the collapsing of 
the horizontal edges of the octahedron.) 

For the end point of / : 




lyi+rj+lq-irj-ri+l)/? 



(9~%-r, 

-exp{^(Li 2 (^)-Li 2 (5))}, 



(?) 



r k -rj 



' _iyi+r j +lq(r l -r J -l)/2 



-xp{^(-Li 2 (5) + Li 2 (5))}. 



For the end point of J : 
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r k - r m 




■ 1 ^ r k-r m ( -, \r fc +rj+l -(r fc -rj+l)/2 



r ? \ ~exp^ Li 2 (^)-Li 2 (^-' 

1 j 1 rn 1 k 1 j 



r fc — rj 

\ ri / (?)r 




(?), 



2(_l) r J+'V+lg(r J ~rj+l)/2 



^ * ~eX P {^(-Li 2 (^)+Li 2 (^ 



Note that the colored Jones polynomial is expressed by the products of various forms of 
the R-matrices of crossings or trivalent vertices of G (with slight modification by the local 
maxima/ minima) and take summation over all the possible indices n, . . . , r m+ \. (See [7J for 
the calculation of the colored Jones polynomial. The description in [7J may look slightly 
different from ours, but removing the sides of the tangle diagram assigned with in [7J gives 
the diagram G.) Now we define a potential function W(wi, . . . ,w m+ i) of the knot diagram 
by letting the product of all formal substitutions of G to be exp {^^(^i, • • • ■> w m+i) j- One 

important property of W is that the variable w m+ i assigned to the unbounded region appears 
only in the numerator. Therefore, we can define another potential function W{w\, . . . , w m ) := 
W(wi, . . . , w m , 0) J^] which coincides with the potential function W(w\, . . . , w m ) defined in 
Section 13.21 

For example, W and W of Figure 23 become 



Li 2 (— ) - Li 2 (— ' 

■ ! <! -Li,( — i ! Li,( — ) + Li,( ) Li,( — ) + Li,( — ) - — + log — log 

w 2 w 2 

+ { -Li 2 (— ) + Li 2 (— ) + Li 2 (^^) - Li 2 (— ) + Li 2 (— ) - — + log — log — 

- - - - W2 w 2 

1 w x 
— log — 

w 2 w 2 



) = 


{Li 2 ( 


w 2 


-Li 2 ( 


w 2 J 




+ Li 2 


w A 
w 2 


) + Li 2 






+ Li 2 


w x 
w 2 


) + Li 2 


,w 5 w 2 
WIW4 


w 5 ) 


+ Li 2 ( 




+ Li 2 


,w 5 w 2 


w 2 


- W1 



+ { -Li 2 (tw 5 ) + Li 2 (— ) + Li 2 (^^) - Li 2 (— ) + Li 2 (— ) - — + log — log U 1 



,1»5 


) + Li 2 


(-)- 

w 2 


7T 2 

~6~ 


,w 5 
"w 4 


) + Li 2 


(-)- 

w 2 


~6~ 


w 5 . 


+ Li 2 ( 


w 2 


7T 2 

6 



and 



W{ Wl , ...,w 4 ) = 2 (li 2 (— ) + Li 2 (^) + Li 2 ( — )) - Li 2 (— ) - ^ 
[ w 2 w 2 w 2 J w 3 2 

+ log — log h log — log h log — log — . 

U>2 W 2 W 2 W 2 W 2 W 2 

This potential function W(w\, . . . ,w$) coincides with the one defined previously in (J5|. 
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Note that Li 2 (0) = 0. 
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Note that using W instead of W does not violate the formulation of the optimistic limit be- 
cause, for a solution (wf \ . . . , Wm) of = | ex P (^f^J = 1 1 / = 1, . . . , mj, (wf \ . . . , Wm , 0) 

becomes a solution of H2 '■= |exp (wi^^j = l|/ = l,...,m + l|. We are considering only 
the solutions of H2 with the condition w m+ i = because this condition corresponds to the 



collapsing process of tetrahedra of Thurston triangulation in Section |2.2| and the solutions 
correspond to the triangulation. However, the other solutions with the condition w m+ i 7^ 
also have good geometric meanings and this will be discussed in later articles. 
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